In this paper, we introduce Kirk-multistep and Kirk-multistep-SP iterative schemes and prove their strong convergences and stabilities for contractive-type operators in normed linear spaces. By taking numerical examples, we compare the convergence speed of our schemes (Kirk-multistep-SP iterative schemes) with the others (Kirk-SP, Kirk-Noor, Kirk-Ishikawa, Kirk-Mann and Kirk iterative schemes) for this class of operators. Our results generalize and extend most convergence and stability results in the literature. MSC: 47H09; 47H10
Introduction and preliminary definitions
The interest in approximating fixed points of various contractive-type operators is increasing. This is because of the close relationship that exists between the problem of solving a nonlinear equation and that of approximating a fixed point of a corresponding contractive-type operator. In , Glowinski and Le-Tallec [] used a three-step iterative process to solve elastoviscoplasticity, liquid crystal, and eigenvalue problems. They established that three-step iterative scheme performs better than one-step (Mann) and twostep (Ishikawa) iterative schemes. Haubruge et al. [] studied the convergence analysis of the three-step iterative processes of Glowinski and Le-Tallec [] and used the three-step iteration to obtain some new splitting type algorithms for solving variational inequalities, separable convex programming and minimization of a sum of convex functions. They also proved that three-step iteration also leads to highly parallelized algorithms under certain conditions. Hence, we can say that a multistep iterative scheme plays an important role in solving various problems in pure and applied sciences. However, there are several iterative schemes in the literature for which the fixed points of operators have been approximated over the years by various authors. For example, in a complete metric X with x  ∈ X, the Picard iterative sequence {x n } has been employed to approximate the fixed points of the mapping satisfying the inequality d(Tx, Ty) ≤ ad(x, y), for all x, y ∈ X and  ≤ a < . We shall also need the following iterative schemes which appear in [-], and [] to establish our results.
Let E be a normed linear space and T : E → E a self-map of E. For x  ∈ E, the sequence {x n } ∞ n= x n+ = ( -α n )x n + α n Tx n , n ≥ , ( Observe that if β n =  for each n, then the Ishikawa iterative scheme (.) reduces to the Mann iterative scheme (.).
For x  ∈ E, the sequence {x n } ∞ n= is defined by
x n+ = ( -α n )x n + α n Ty n , y n = ( -β n )x n + β n Tz n , z n = ( -γ n )x n + γ n Tx n , n ≥ , In [], Phuengrattana and Suantai defined the SP iterative scheme thus: For x  ∈ E, the sequence {x n } ∞ n= is defined by
The following Kirk and Kirk-type iterative schemes are of interest in this work. In [], Kirk introduced the Kirk iterative scheme as follows: For x  ∈ E, the sequence {x n } ∞ n= is defined by
In [], Olatinwo introduced the following Kirk-Mann and Kirk-Ishikawa iterative schemes: For x  ∈ E, the sequence {x n } ∞ n= is defined by
, and k is a fixed integer; it is called the Kirk-Mann iterative scheme. We have The Kirk-SP scheme [] is defined as follows: let E be a normed linear space, T : E → E a self-map of E and x  ∈ E. Then the sequence {x n } ∞ n= is defined by 
where  ≤ h < . Then T has a unique fixed point and the Picard iteration (.) converges to p for any x  ∈ X. Observe that in a Banach space setting, condition (.) implies
where  ≤ δ <  and δ = max{h, Let {x n } ∞ n= be the sequence generated by an iteration procedure involving the operator T,
. . , where x  ∈ X is the initial approximation and f is some function. For example, the Picard iteration (.) is obtained from (.) for f (T, x n ) = Tx n , while the Mann Definition . Let (X, d) be a metric space and T : X → X a self-map, x  ∈ X, and the iteration procedure defined by (.) such that the generated sequence {x n } ∞ n= converges to a fixed point p of T. Let {z n } ∞ n= be an arbitrary sequence in X, and set n = d(z n+ , f (T, z n )), for n ≥ . We say the iteration procedure (.) is T-stable if and only if lim n→∞ n =  implies that lim n→∞ z n = p.
In , Imoru and Olatinwo [] proved some stability results by employing the following general contractive definition:
for each x, y ∈ X, there exist a ∈ [, ) and a monotone increasing function ϕ : 
In line with this research work of Hussain et al.
[], we shall introduce Kirk-multistep and Kirk-multistep-SP iterative schemes in the main result as general formulas for obtaining other Kirk-type schemes and prove that our scheme converges to the fixed point of contractive-type operators (.). It has already been shown [] that Kirk-SP and Kirk-CR is better than the others. We shall only show through numerical examples that our scheme (Kirk-multistep-SP iterative schemes) converges faster than the Kirk-SP scheme for different functions.
Main result I
Let E be a normed linear space, T : E → E a self-map of E and x  ∈ E. Then the sequence {x n } ∞ n= defined by
where
Also, the sequence {x n } ∞ n= defined by Finally, the sequence {x n } ∞ n= defined by (ii) Putting t = s = k =  in (.), we obtain the Noor iterative scheme (.) with
, we obtain the Ishikawa iterative scheme (.) with (vii) Putting q =  in (.) we obtain the SP iterative scheme (.).
Some strong convergence results in normed linear spaces
Theorem . Let (E, · ) be a normed linear space, T : E → E be a self-map of E satisfying the contractive condition
for each x, y ∈ E,  ≤ a i < , and let ϕ : 
Since the norm is nonnegative we
Thus, T has a unique fixed point p.
Next we shall establish that lim n→∞ x n = p. That is, we show that the Kirk-multistep iterative scheme converges strongly to p of T.
In view of (.) and (.), we have
We note that β j n,i ∈ [, ] for each j, and k  , k j are fixed integers (for each j), for n = , , . . . and  ≤ j ≤ q -. We have
(.) holds, since Tp = p and ϕ() = . Substituting (.) in (.), we have
Using Lemma . in (.), we find the result that lim n→∞ x n+ -p = . That is {x n } ∞ n= converges strongly to p. This ends the proof.
Theorem . leads to the following corollary.
Corollary . Let (E, · ) be a normed linear space, and let T : E → E be a self-map of E satisfying the contractive condition
for each x, y ∈ E,  ≤ a <  and let ϕ : 
Theorem . Let (E, · ) be a normed linear space, and let T : E → E be a self-map of E satisfying the contractive condition
for each x, y ∈ E,  ≤ a <  and let ϕ : R + → R + be a subadditive monotone increasing function with ϕ() =  and
n= be the Kirk-multistep-SP iterative scheme defined by (.). Then (i) T defined by (.) has a unique fixed point p;
(ii) the Kirk-multistep-SP iterative scheme converges strongly to p of T.
Proof (i) We establish that the mapping T satisfying the contractive condition (.) has a unique fixed point. http://www.fixedpointtheoryandapplications.com/content/2014/1/45
Suppose there exist p  , p  ∈ F T , and that p  = p  , with p  -p  > , then
Since a ∈ [, ), then  -a i >  and p  -p  ≤ . Since the norm is nonnegative we have
(ii) In view of (.) and (.), we have
Using (.), with y = y  n , gives
Substituting (.) in (.), we have
We note that β j n,i ∈ [, ] for each j and k  , k j are fixed integers (for each j), for n = , , . . . and  ≤ j ≤ q -. We have
Substituting (.) in (.), we have
Since a i ∈ [, ) and
Using (.) and Lemma ., (.) gives lim n→∞ x n+ -p = . That is, {x n } ∞ n= converges strongly to p. This ends the proof.
Theorem . yields the following corollaries.
Corollary . Let (E, · ) be a normed linear space, and let T : E → E be a self-map of E satisfying the contractive condition
for each x, y ∈ E,  ≤ a <  and let ϕ : R + → R + be a subadditive monotone increasing func- 
. . , n  for some n  ∈ N and
It is clear that T is a quasi-contractive operator satisfying (.) with a unique fixed point .
Also it is easy to see that the above example satisfies all the conditions of Theorems . and ..
Main result II Some stability results for multistep-type iterative schemes in normed linear spaces
In this section, some stability results for the Kirk- 
Theorem . Let (E, · ) be a normed linear space, T : E → E be a self-map of E with a fixed point p satisfying the contractive condition
for each x, y ∈ E,  ≤ a <  and let ϕ : R + → R + be a subadditive monotone increasing func- Then we shall prove that lim n→∞ z n = p using the contractive mappings satisfying condition (.).
n= be the Kirk-multistep-SP iterative scheme defined by (.). Suppose T has a fixed point p. Then the Kirk-multistep-SP iterative scheme is T-stable.
That is,
. . , q -, and
Conversely, let lim n→∞ z n = p, and we show that lim n→∞ n =  as follows:
Hence, using lim n→∞ z n -p =  (by our assumption). We have lim n→∞ n = . Therefore the Kirk-multistep-SP iterative scheme (.) is T-stable. This ends the proof.
Theorem . yields the following corollary.
Corollary . Let (E, · ) be a normed linear space, T : E → E be a self-map of E with a fixed point p satisfying the contractive condition
and let lim n→∞ n = . Then we shall prove that lim n→∞ z n = p using the contractive mappings satisfying condition (.).
(.) holds, since Tp = p and ϕ() = . Substituting (.) in (.), we have
Hence, using lim n→∞ z n -p =  (by our assumption). We have lim n→∞ n = . Therefore the Kirk-multistep iterative scheme (.) is T-stable. This ends the proof.
Theorem . yields the following corollary.
Corollary . Let (E, · ) be a normed linear space, T : E → E be a self-map of E with a fixed point p satisfying the contractive condition
Numerical examples
In this section, we use some examples to compare our modified iterative schemes (Kirkmultstep-SP hybrid iterative schemes) with the Kirk-SP scheme with the help of computer programs in PYTHON ... The results are shown in Tables  to . We take
n,i for all the iterative schemes.
Example of increasing function
Then f is an increasing function. The comparison of these iterative schemes to the fixed point p = . is shown in Table .
Example of decreasing function
  , a decreasing function. By taking initial approximation x  = ., the comparison of these iterative schemes to the fixed point p = . is shown in Table .
Example of functions with multiple zero
The function defined by f (x) = (-x)  is a function with multiple zeros. By taking the initial approximation x  = ., the comparison of the convergence of these iterative schemes to the exact fixed point p = . is shown in Table  . 
Example of cubic equation
To 
Example of oscillatory functions
The function defined by f (x) =  x is an oscillatory function. By taking initial approximation x  = , the comparison of the convergence of these iterative schemes to the exact fixed point p = . is shown in Tables . The Kirk-SP iterative scheme converges to a fixed point in four iterations while the Kirkmultistep-SP hybrid scheme converges in one iteration. The Kirk-SP iterative scheme converges to a fixed point in three iterations while the Kirkmultistep-SP hybrid scheme converges in one iteration.
Observations

Increasing function f (x) = (
Decreasing function
Function with multiple zero f (x) = (1 -x)
2
The Kirk-SP iterative scheme converges to a fixed point in three iterations while the Kirkmultistep-SP hybrid scheme converges in one iteration. http://www.fixedpointtheoryandapplications.com/content/2014/1/45
Cubic equation x
3 + x 2 -1 = 0
The Kirk-SP iterative scheme converges to a fixed point in three iterations while the Kirkmultistep-SP hybrid scheme converges in one iteration.
Oscillatory functions f (x) = 1 x
Remark
Our Kirk-multistep-SP hybrid iterative schemes converge faster than the Kirk-SP iterative scheme for increasing, decreasing, function with multiple zero, cubic equation, and oscillatory function.
Conclusion
Our Kirk-multistep-SP hybrid iterative schemes have good potentials for further applications.
